Abstract. A generalized-Laguerre-Hermite pseudospectral method is proposed for computing symmetric and central vortex states in Bose-Einstein condensates (BECs) in three dimensions with cylindrical symmetry. The new method is based on the properly scaled generalized-Laguerre & Hermite functions and a normalized gradient flow. It enjoys three important advantages: (i) it reduces a three dimensional (3D) problem with cylindrical symmetry into an effective two-dimensional (2D) problem; (ii) it solves the problem in the whole space instead of in a truncated artificial computational domain; and (iii) it is spectrally accurate. Extensive numerical results for computing symmetric and central vortex states in BECs are presented for one-dimensional (1D) BEC, 2D BEC with radial symmetry and 3D BEC with cylindrical symmetry.
Introduction
Quantized vortices play an important role in verifying the superfluid properties of quantum fluids such as Bose-Einstein condensates (BECs) or degenerate Fermi gases. In weakly interacting alkali gases, condensate states containing a single vortex line were first created using Raman transition phase-imprinting method [21] . Later, multiply charged vortices were created by using topological phase engineering methods [18] . It is expected that more complicated vortex clusters can be created in the future, e.g. with the further development of the phase-imprinting method. Such states would enable various opportunities, ranging from investigating the properties of random polynomials [10] to using vortices in quantum memories [15] . All of these experimental developments stir a great interest in the study of states with several vortices. Recently, there were a number of investigations on the properties of quantized vortices in BECs, e.g. dynamical stability and interaction laws between a few vortices [24, 17, 9] . To study these problems effectively, a key issue is to find efficiently and accurately central vortex states in BECs.
In this paper, we consider a Bose-Einstein condensate (BEC) in a cylindrically symmetric trap V t (x, y, z) = the interaction strength within the BEC is g, given by g = 4π 2 a s /m b with a s the s-wave scattering length. For temperatures well below the critical temperature of the BEC, the dynamics of the BEC is well described by the dimensionless 3D Gross-Pitaevskii equation (GPE) [23, 5] (1.4)
Plugging (1.3) into the GPE (1.1) and the normalization condition (1.2), we obtain (see [9, 8] for more detail) under the normalization condition
This is a nonlinear eigenvalue problem for (µ m , φ m ) under the constraint (1.8).
Once the eigenfunction φ m is known, the eigenvalue (or chemical potential) µ m can be computed by
In [3] , a backward Euler finite difference (BEFD) method was used to discretize a normalized gradient flow for computing the above symmetric and central vortex line states in the BEC. In the method, the original whole space was replaced by a truncated computational domain with an artificial boundary condition (usually homogeneous Dirichlet boundary conditions are applied). The method is formally second order accurate in space. However, how to choose an appropriately truncated computational domain is a subtle problem in practice: if it is too large, the computational resource is wasted; if it is too small, the boundary effects will contaminate the accuracy and lead to wrong solutions.
A main purpose of this paper is to develop an efficient numerical method which is spectrally accurate in space and robust for all m ≥ 0. This is achieved by discretizing the normalized gradient flow in the whole space directly using properly scaled generalized-Laguerre and Hermite functions as basis functions. These basis functions are scaled in such a way that they become eigenfunctions of the linear operator B m . We then use a special time discretization procedure which, while preserving the normalization and energy diminishing, does not require solving any linear system by taking advantage of the eigenfunction expansion.
The paper is organized as follows. In the next section, we describe the normalized gradient flow and its time discretization. In Section 3, we construct eigenfunctions of B m using properly scaled generalized-Laguerre and Hermite functions, and introduce the interpolation operators based on the scaled generalized-Laguerre and Hermite Gauss quadrature. We present in Section 4 pseudo-spectral methods based on the scaled generalized-Laguerre and Hermite functions for computing ground state in 1D BEC, symmetric and central vortex states in 2D BEC with radial symmetry and in 3D BEC with cylindrical symmetry. In section 5, we present numerical results on symmetric and central vortex states to demonstrate the efficiency and accuracy of our new numerical methods. Finally, some concluding remarks are drawn in Section 6.
Normalized gradient flow and its time discretization
In this section, we describe a time discretization procedure for solving the nonlinear eigenvalue problem (1.5)-(1.7).
The nonlinear eigenvalue problem (1.5)-(1.8) can also be viewed as the Euler-Lagrangian equations of the energy functional E(φ m ), defined as 
where
When β ≥ 0, it is well-known that there exists a unique positive minimizer of the nonconvex minimization problem (2.2) [19, 8] . It is easy to show that the minimizer φ g m is an eigenfunction of (1.5)-(1.8). In fact, the symmetric state is also the ground state of the BEC in this case [3, 9] .
Various algorithms for computing the symmetric and central vortex line states of BEC has been proposed in the literature [11, 3, 8, 22, 1] . One of the popular and efficient techniques for dealing with the normalization constraint (1.8) is through the following procedure: Choose a time step ∆t > 0 and set t n = n∆t for n = 0, 1, 2, · · · . Applying the steepest decent method to the energy functional E(φ) without constraint (1.8), and then projecting the solution back to the unit sphere S m at the end of each time interval [t n , t n+1 ] in order to satisfy the constraint (1.8).
It is clear that the above procedure leads to the function φ(r, z, t) which is the solution of the following normalized gradient flow:
When β = 0, it can be shown as in [3] that the above normalized gradient flow is energy diminishing for any time step ∆t > 0 and any initial data φ 0 (r, z), i.e. 
with the boundary conditions (2.4) and (2.5). The solution of CNGF is normalization conserved and energy diminishing provided that β ≥ 0 and W (z) ≥ 0 for all z ∈ R, i.e.
This shows that, when time step ∆t is sufficiently small, the above algorithm for computing symmetric and central vortex line states in the nonlinear case is also convergent. For the time discretization of (2.3)-(2.7), we adopt the following backward Euler scheme with projection:
Given φ 0 , findφ n+1 and φ
Hence, the scheme (2.11) is energy diminishing for the linear case. However, (2.11) involves non-constant coefficients so it can not be solved by a direct fast spectral solver. Therefore, we propose to solve (2.11) iteratively (for p = 0, 1, 2, . . .) by introducing a stabilization term with constant coefficient
The stabilization factor α n is chosen such that the convergence of the iteration is at 'optimal'. As the analysis in [2] shows, α n should be chosen as
Eigenfunctions and Interpolations

Eigenfunctions of B m .
As shown in the last section, the numerical scheme for (2.3)-(2.7) requires solving, repeatedly, (2.14). Therefore, it is most convenient to use eigenfunctions of B m as basis functions. Thanks to (1.4), we only need to find eigenfunctions of B r m and B z . We shall construct these eigenfunctions by properly scale the Hermite polynomials and generalized Laguerre polynomials.
We start with B z . Let H l (z) (l = 0, 1, 2, . . .) be the standard Hermite polynomials of degree l satisfying
where δ ll is the Kronecker delta As in [6] , we define the scaled Hermite functions
It is clear that lim |z|→∞ h l (z) = 0. Plugging (3.3) into (3.1) and (3.2), a simple computation shows 
Plugging (3.8) into (3.6) and (3.7), a tedious but simple computation (see detail in Appendix A) leads to
Hence {L m k } ∞ k=0 are eigenfunctions of B r m . We note that the basis functions {L m k } ∞ k=0 with m = 0 were already used in [6] .
Finally we derive from the above that
are eigenfunctions of the operator B m defined in (1.4).
Interpolation operators.
In order to efficiently deal with the term |φ n | 2φn+1,p in (2.14), a proper interpolation operator should be used. We shall define below scaled interpolation operators in both r, z directions and in the (r, z) space. Let {ẑ s } N s=0 be the Hermite-Gauss points, i.e., they are the N + 1 roots of the Hermite polynomial H N +1 (z), and let {ω z s } N s=0 be the associated Hermite-Gauss quadrature weights [26] . We have
We then define the scaled Hermite-Gauss points and weights by (3.14)
We derive from (3.3) and (3.13) that
We define
be the generalized-Laguerre-Gauss points [26, 25] ; i.e. they are the M + 1 roots of the polynomialL m M +1 (r), and let {ω m j } M j=0 be the weights associated with the generalized-Laguerre-Gauss quadrature [26, 25] . Then, we have
We then define the scaled generalized-Laguerre-Gauss points and weights by We derive from (3.8) and (3.18 
Let us denote
Note that the computation of the weights {ω m j , ω z s } from (3.19) and (3.14) is not a stable process for large m, M and N . However, they can be computed in a stable way as suggested in the Appendix of [25] .
4. The generalized-Laguerre and Hermite pseudospectral methods 4.1. A Hermite pseudospectral method in 1D. In this section, we introduce a Hermite pseudospectral method for computing ground states of 1D BEC. In fact, when γ r γ z in (1.1), the 3D GPE (1.1) can be approximated by a 1D GPE [23, 5, 4] . In this case, the stationary states satisfy
under the normalization condition
where φ = φ(z) and β 1 ≈ βγ r /2π [4] . Any eigenvalue (or chemical potential) µ can be computed from its corresponding eigenfunction φ by
As described in Section 2, this nonlinear eigenvalue problem (4.1) can also be viewed as the Euler-Lagrangian equations of the energy functional E(φ), defined as
under the constraint (4.2). Similarly, in this case, the normalized gradient flow (2.3)-(2.7) collapses to
Similarly, the scheme (2.14) in this case becomes:
We now describe a pseudo-spectral method based on the scaled Hermite functions {h l (z)} for (4.9)-(2.15).
Then, the Hermite pseudospectral method for (4.9)-(2.15) is: Findφ
We note thatφ n+1,p+1 N can be easily determined from (4.10) as follows:
We write the expansion
where the coefficients {ĝ through the discrete Hermite transform using (3.15), i.e.,
Thanks to (3.4)-(3.5), we find from (4.10) that 
4.2.
A generalized-Laguerre pseudospectral method in 2D. We now consider the 2D BEC with radial symmetry. The physical motivation is that when γ z γ r in (1.1), the 3D GPE (1.1) can be approximated by a 2D GPE [23, 4, 5] . In this case, the radial symmetric state (m = 0) and central vortex state with index m (m = 0) satisfy 
We now describe a pseudo-spectral method based on the scaled generalized-Laguerre functions
Then, the generalized-Laguerre pseudospectral method for (4.24)-(2.15) is: findφ
The functionφ n+1,p+1 M can be easily determined from (4.25) as follows: We write the expansion
where the coefficients {ĝ 
Then, the generalized-Laguerre-Hermite pseudo-spectral method for (2.14)-(2.15) is: find φ
The functionφ n+1,p+1 M N can be easily determined from (4.30) as follows: We write the expansion
where the coefficients {ĝ n,p kl } can be computed from the known function values {g n,p (r m j , z s )} through the discrete generalized-Laguerre transform and discrete Hermite transform using (3.20) and (3.15), i.e., 
Numerical results
We now present some numerical results by using the numerical methods introduced in previous sections to demonstrate the spectral accuracy of the methods and to compute symmetric and central vortex states in BEC. To quantify the numerical results of a state φ(x) with φ(·) 2 = R d |φ(x)| 2 dx = 1, we define the condensate widths along the r-and z-axes as σ r and σ z by Table 2 lists similar results for β 2 = 1000. Figure 2 We solve the problem by the scheme (4.10) with time step ∆t = 0.1. Let φ g (z) be the numerical 'exact' ground state which is obtained numerically by using N = 200 in (4.10) and denote its energy as E g = E(φ g ). Similarly, let φ N (z) be the numerical solution of the ground state which is obtained by (4.10) and denote its energy as E N g = E(φ N ). increase (cf. Tab. 3 and Fig. 5 ), but the radius mean square in z-direction σ z decreases (cf. 
Concluding remarks
We developed in this paper a new generalized-Laguerre-Hermite pseudospectral method for computing symmetric and central vortex line states of 3D BEC with cylindrical symmetry. The new method takes the advantages of the cylindrical symmetry so that only an effectively 2D problem is solve numerically. The method is based on appropriately scaled generalized-Laguerre-Hermite functions and the backward Euler time integrator for the normalized gradient flow. Hence it is spectrally accurate in space and very stable and efficient in practical computation for all m ≥ 0. In fact, the method can be easily extended to compute symmetric and central vortex states in rotating BEC [8] , multi-component BEC [30] and spin-1 BEC [7] . 
